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A onsequene of a lower bound of the K-energy
Nefton Pali
Abstrat
We prove that over a Fano manifold with K-energy of the anonial
lass 2pic1 bounded from below, the Chen-Tian energy funtional E1 of
the anonial lass is allso bounded from below.
1 Introdution
One of the entral philosophial points of modern Dierential Geometry is in
the idea that the existene of speial metris should imply strong geometri
onditions on the manifold. An important example of speial metris are the
extremal metris of a Kähler manifold, introdued by Calabi [Cal℄. By deni-
tion extremal Kähler metris of a positive (1, 1)-ohomology lass are Kähler
metris with minimal L2-norm of the salar urvature with respet to all Käh-
ler metris in the same (1, 1)-ohomology lass. Calabi proved (see [Cal℄) that
extremal metris are exatly the Kähler metris with holomorphi gradient of
the salar urvature. To any positive (1, 1)-ohomology lass Calabi and Futaki
[Fut℄ assoiated an invariant suh that its vanishing implies that the extremal
metris of the given lass are exatly the metris with onstant salar urvature.
Moreover the vanishing of the Calabi-Futaki invariant is a neessary ondition
for the existene of metris with onstant salar urvature. In the ase of Fano
manifolds, a positive multiple of the rst Chern lass admits a metri with on-
stant salar urvature if and only if the Kähler metri is Einstein. The problem
of existene of Kähler-Einstein metris over Fano manifolds has been the subjet
of intense study over the last two deades. Inspired from the work of Donaldson,
Mabuhi introdued the K-energy funtional [Mab℄. In a joint work with Bando,
[Ba-Ma℄ they proved that the existene of a Kähler-Einstein metri implies a
lower bound of the K-energy and the uniqueness of the Kähler-Einstein met-
ri modulo the ation of automorphisms of the manifold. Reently it has been
shown by Chen and Tian [Ch-Ti3℄ that the existene of an extremal metri in a
given lass implies the lower boundedness of the K-energy and the uniqueness
of the extremal metri modulo the ation of automorphisms. In the speial ase
of a multiple of the rst Chern lass we have a very powerfull tool whih is the
Kähler-Rii ow. Using a similar omputation as in [Yau℄ it an be proved (see
[Cao℄) that the Kähler-Rii ow admit always a solution for all times. In [Cao℄
Cao proved that the solution onverges to a Kähler-Einstein metri if the rst
Chern lass is non positive. In this way he re-proved the elebrated Calabi-Yau
theorem [Yau℄. In the ase of Fano manifolds the Kähler-Rii ow does not
allways onverge, in fat there are Fano manifolds whih do not admit Kähler-
Einstein metris [Fut℄, [Tia℄. In [Ch-Ti1℄ Chen and Tian give a proof whih
shows that the existene of a Kähler-Einstein metri over a Fano manifold with
nonnegative bisetional urvature implies the onvergene of the Kähler-Rii
ow. Their hypothesis on the nonnegativity of the bisetional urvature is just
a temporary tehnial assumption. What they really need is that the positivity
of the Rii tensor is preserved under the Kähler-Rii ow. In order to prove
the onvergene Chen and Tian introdued in [Ch-Ti2℄ a family of energy fun-
tionals Ek, k = 0, ..., n− 1. Until now, only E0 and E1 plays a key role in the
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onvergene of the Kähler-Rii ow. The funtional E0 is just the K-energy.
One of the ruial points of their proof is that, over Kähler-Einstein manifolds
admiting a metri ω0 suh that the nonegativity of the Rii tensor is preserved
under the Kähler-Rii ow with initial metri ω0, the energy funtional E1 is
lower bounded from below (so bounded) under the ow. In fat the energy fun-
tional E1 is always dereasing along the ows whih preserve a ertain uniform
lower bound of the Rii tensors of the evolved metris. Very reently Song and
Weinkove [So-We℄ have answered a question of Chen [Che℄, showing that over
Kähler-Einstein manifolds the energy funtional E1 is bounded on the full spae
of potentials. We have the following general result.
Theorem 1 Let X be a Fano manifold suh that the K-energy funtional of
the anonial lass 2pic1(X) is bounded from below. Then the Chen-Tian energy
funtional E1 of the anonial lass 2pic1(X) is allso bounded from below.
This is an immediate onsequene of the following theorem.
Theorem 2 Let (X,ω) be a polarised Fano manifold with ω ∈ 2pic1(X) and let
νω and E1,ω be respetively the the K-energy and the Chen-Tian energy fun-
tionals with referene metri ω. Then there exist a onstant Cω depending only
on ω suh that for any Kähler-Rii ow (ωt)t∈[0,+∞) ⊂ 2pic1(X) we have the
inequality E1,ω(ωt) ≥ 2νω(ωt) + Cω for all t ∈ [0,+∞).
We onsider it neessary to write this note beause our proof of theorem 2 is
drastially simple. Moreover there are indiations that our result will be usefull
for a new existene riteria of Kähler-Einstein metris.
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2 Energy funtionals
Let X be a Fano manifold of omplex dimension n and let ω ∈ 2pic1(X). Let
K2pic1 := {ω > 0, ω ∈ 2pic1(X)}, be the spae of Kähler metris in the lass
2pic1(X). We onsider also the orresponding spae of potentials Pω := {ϕ ∈
E(X,R) | i∂∂¯ϕ > −ω} and we dene ωϕ := ω + i∂∂¯ϕ for every ϕ ∈ Pω. We will
use also the notation
−
∫
X
:= (
∫
X
ωn)−1
∫
X
for the average operator. We remind
that the salar urvature Sc(ω) ∈ E(X,R) of ω is dened by the formula
Sc(ω) := Trace
ω
(Ric(ω)) =
2nRic(ω) ∧ ωn−1
ωn
,
where Ric(ω) is the Rii form. This denition oinides with the usual deni-
tion of salar urvature of the Riemannian metri g = ω(·, J ·). We dene the
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Laplaian of a funtion f by the formula
∆
ω
f := Trae
ω
(i∂∂¯f) =
2n i∂
J
∂¯
J
f ∧ ωn−1
ωn
.
Our Laplaian diers by a minus sign from the usual Laplae-Beltrami operator
assoiated to the Riemannian metri g = ω(·, J ·). We remind also that an
energy funtional E is a ontinuous map E : K2pic1 ×K2pic1 → R, whih satises
the onditions
E(ω1, ω3) = E(ω1, ω2) + E(ω2, ω3)
E(ω1, ω1) = 0
for every ω1, ω2, ω3 ∈ K2pic1 .
The generalized energy funtional.
The generalized energy funtional Jω : Pω → [0,+∞) is dened by the formula
Jω(ϕ) :=
n−1∑
k=0
k + 1
n+ 1
−
∫
X
i∂ϕ ∧ ∂¯ϕ ∧ ωk ∧ ωn−k−1ϕ
= −
∫
X
ϕωn −
1
n+ 1
n∑
k=0
−
∫
X
ϕωk ∧ ωn−kϕ .
If (ϕt)t∈(−ε,ε) ⊂ Pω is a C
∞
patht then we have the important formula
d
dt
n∑
k=0
−
∫
X
ϕt ω
k ∧ ωn−kt = (n+ 1)−
∫
X
ϕ˙t ω
n
t , (1)
where ϕ˙t :=
∂
∂t
ϕt and ωt := ωϕt . In fat onsider the equalities
d
dt
n∑
k=0
−
∫
X
ϕt ω
k ∧ ωn−kt =
=
n∑
k=0
−
∫
X
(
ϕ˙t ω
k ∧ ωn−kt + (n− k)ϕt i∂∂¯ϕ˙t ∧ ω
k ∧ ωn−k−1t
)
=
n∑
k=0
−
∫
X
(
ϕ˙t ω
k ∧ ωn−kt + (n− k) ϕ˙t (ωt − ω) ∧ ω
k ∧ ωn−k−1t
)
=
n∑
k=0
(n− k + 1)−
∫
X
ϕ˙t ω
k ∧ ωn−kt −
n∑
k=0
(n− k)−
∫
X
ϕ˙t ω
k+1 ∧ ωn−k−1t
= (n+ 1)−
∫
X
ϕ˙t ω
n
t .
If we set J(ω, ωϕ) := Jω(ϕ) for any ω ∈ K2pic1 then the formula (1) implies that
J is an energy funtional.
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The K-energy funtional of the anonial lass 2pic1.
Consider the Kähler-Rii ow (ωt)t,
d
dt
ωt = ωt − Ric(ωt) (2)
with initial metri ω0 ∈ K2pic1 . It was proved in [Cao℄ that the Kähler-Rii
ow (ωt)t exists for all t ∈ [0,+∞) and (ωt)t ⊂ K2pic1 . This is beause to solve
the equation (2) is suient to solve the equation in terms of potentials
ϕ˙t = log
ωnt
ωn
+ ϕt − hω, (3)
where ϕt ∈ Pω, ωt = ω + i∂∂¯ϕt and hω ∈ E(X,R) is the the real Smooth
funtion dened by the onditions
Ric(ω) = ω + i∂∂¯hω,
∫
X
(ehω − 1)ωn = 0.
We remark that to nd ϕ ∈ Pω solution of Einstein the equation Ric(ωϕ) = ωϕ,
is equivalent to solve the equation
0 = log
ωnϕ
ωn
+ ϕ− hω,
whih is also equivalent to the onstant salar urvature equation Sc(ωϕ) = 2n.
This last equation is the Euler-Lagrange equation of the K-energy funtional
νω : Pω → R
νω(ϕ) := −
∫
X
(
log
ωnϕ
ωn
+ ϕ− hω
)
ωnϕ −
1
n+ 1
n∑
k=0
−
∫
X
ϕωk ∧ ωn−kϕ +−
∫
X
hωω
n.
In fat for every C∞ path (ϕt)t∈(−ε,ε) ⊂ Pω we have the identity
d
dt
νω(ϕt) = −
1
2
−
∫
X
ϕ˙t
(
Sc(ωt)− 2n
)
ωnt . (4)
We prove now this identity. Set ∆t := ∆ωt and onsider the derivative
d
dt
−
∫
X
(
log
ωnt
ωn
− hω
)
ωnt =
= −
∫
X
(
d
dt
log
ωnt
ωn
)
ωnt + n−
∫
X
(
log
ωnt
ωn
− hω
)
i∂∂¯ϕ˙t ∧ ω
n−1
t
= 2−1−
∫
X
∆tϕ˙t ω
n
t + n−
∫
X
ϕ˙t i∂∂¯
(
log
ωnt
ωn
− hω
)
∧ ωn−1t
= n−
∫
X
ϕ˙t i∂∂¯
(
log
ωnt
ωn
− hω
)
∧ ωn−1t
= −−
∫
X
ϕ˙t 2
−1 Sc(ωt)ω
n
t + n−
∫
X
ϕ˙t ω ∧ ω
n−1
t .
4
Moreover
d
dt
−
∫
X
ϕt ω
n
t = −
∫
X
ϕ˙t ω
n
t + n−
∫
X
ϕt i∂∂¯ϕ˙t ∧ ω
n−1
t
= −
∫
X
ϕ˙t ω
n
t +−
∫
X
ϕ˙t (ωt − ω) ∧ ω
n−1
t
= (n+ 1)−
∫
X
ϕ˙t ω
n
t − n−
∫
X
ϕ˙t ω ∧ ω
n−1
t . (5)
Combining this two equalities with the identity (1) we obtain the identity (4).
If we set ν(ω, ωϕ) := νω(ϕ) for every ω ∈ K2pic1 then the formula (4) implies
that ν is an energy funtional. We remark that under the Kähler-Rii ow we
have the identity
Sc(ωt) = 2n−∆ωt ϕ˙t.
Then using the identity (4) we dedue the inequality
d
dt
νω(ϕt) = 2
−1−
∫
X
ϕ˙t∆ωt ϕ˙t ω
n
t = −n−
∫
X
i∂ϕ˙t ∧ ∂¯ϕ˙t ∧ ω
n−1
t ≤ 0,
whih shows that the K-energy dereases under the Kähler-Rii ow. We re-
mind now that the Futaki invariant f2pic1 : H
0(X,T
X,J
)→ R of the Kähler lass
2pic1(X) is dened by the formula
f2pic1(ξ) := −
∫
X
ξ. hω ω
n
and the denition is independent of the hoie of ω ∈ K2pic1 . We set by Aut
0
J
(X)
the identity omponent of the group of J-holomorphi automorphisms of X . We
have the obvious ation Aut
0
J
(X)× K2pic1 → K2pic1 given by the pull bak. We
remind the following well known fat
Lemma 1 Let (X,ω) be a ompat Kähler manifold with ω ∈ K2pic1 .
1) If the K-energy νω is bounded from below then the Futaki invariant f2pic1 is
zero.
2) If the Futaki invariant f2pic1 is zero then the K-energy νω is Aut
0
J
(X)-invariant.
It will be usefull to write the K-energy funtional under the following syntheti
form
νω(ϕ) := −
∫
X
(
log
ωnϕ
ωn
− hω
)
ωnϕ +
n∑
k=0
ak
n+ 1
−
∫
X
ϕωk ∧ ωn−kϕ + C0,ω,
where a0 = n, ak = −1 for k ≥ 1 and C0,ω := −
∫
X
hωω
n
.
The Chen-Tian energy funtional E1 of the anonial lass 2pic1.
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We dene the energy funtional E1,ω : Pω → R of the anonial lass 2pic1 by
the formula
E1,ω(ϕ) := −
∫
X
(
log
ωnϕ
ωn
− hω
)(
Ric(ωϕ) + ω
)
∧ ωn−1ϕ
+
n∑
k=0
bk
n+ 1
−
∫
X
ϕωk ∧ ωn−kϕ + C1,ω,
where b0 = b1 = n− 1, bk = −2 for k ≥ 2 and
C1,ω := −
∫
X
hω(Ric(ω) + ω) ∧ ω
n−1.
This denition oinides with the Chen-Tian denition of the energy funtional
E1,ω of the anonial lass 2pic1, (see [Ch-Ti2℄). In fat all that we need to show
is that for every C∞ path (ϕt)t∈(−ε,ε) ⊂ Pω we have the identity
d
dt
n∑
k=0
bk
n+ 1
−
∫
X
ϕt ω
k ∧ ωn−kt = (n− 1)−
∫
X
ϕ˙t(ω
2
t − ω
2) ∧ ωn−2t . (6)
Let prove this identity. The formulas (1) and (5) implies the equality
d
dt

−
∫
X
ϕtω
n
t −
n∑
k=0
−
∫
X
ϕt ω
k ∧ ωn−kt

 = −n−
∫
X
ϕ˙t ω ∧ ω
n−1
t . (7)
Moreover we have the equality
d
dt
−
∫
X
ϕt ω ∧ ω
n−1
t = −
∫
X
ϕ˙t ω ∧ ω
n−1
t + (n− 1)−
∫
X
ϕt i∂∂¯ϕ˙t ∧ ω ∧ ω
n−2
t
= −
∫
X
ϕ˙t ω ∧ ω
n−1
t + (n− 1)−
∫
X
ϕ˙t (ωt − ω) ∧ ω ∧ ω
n−2
t
= n−
∫
X
ϕ˙t ω ∧ ω
n−1
t − (n− 1)−
∫
X
ϕ˙t ω
2 ∧ ωn−2t .
Combining this last equality with the equality (7), we nd the identity
−
d
dt
n∑
k=2
−
∫
X
ϕt ω
k ∧ ωn−kt = −(n− 1)−
∫
X
ϕ˙t ω
2 ∧ ωn−2t .
Then using the identity (1) we nd that the derivative of the quantity
n− 1
n+ 1
n∑
k=0
−
∫
X
ϕt ω
k ∧ ωn−kt −
n∑
k=2
−
∫
X
ϕt ω
k ∧ ωn−kt =
6
=
n− 1
n+ 1

−
∫
X
ϕt ω
n
t +−
∫
X
ϕt ω ∧ ω
n−1
t

− 2
n+ 1
n∑
k=2
−
∫
X
ϕt ω
k ∧ ωn−kt =
=
n∑
k=0
bk
n+ 1
−
∫
X
ϕt ω
k ∧ ωn−kt ,
give us the required formula (6). We remind also that [Ch-Ti2℄ for every C∞
path (ϕt)t∈(−ε,ε) ⊂ Pω we have the important identity
d
dt
E1,ω(ϕt) = −
∫
X
∆tϕ˙t Ric(ωt) ∧ ω
n−1
t
− (n− 1)−
∫
X
ϕ˙t
(
Ric(ωt)
2 − ω2t
)
∧ ωn−2t , (8)
whih shows in partiular that E1(ω, ωϕ) := E1,ω(ϕ) is an energy funtional.
We are now in position to prove the theorem 2.
3 Proof of the theorem 2
Proof . Under the Kähler-Rii ow ϕ˙t = log
ωnt
ωn
+ϕt−hω, we have the following
expression for the K-energy funtional
νω(ϕt) := −
∫
X
(ϕ˙t − ϕt)ω
n
t +
n∑
k=0
ak
n+ 1
−
∫
X
ϕt ω
k ∧ ωn−kt + C0,ω.
The identity Ric(ωt) = ωt − i∂∂¯ϕ˙t = ω + i∂∂¯(ϕt − ϕ˙t) implies the following
expressions for the energy funtional E1 under the Kähler-Rii ow
E1,ω(ϕt) = −−
∫
X
(ϕ˙t − ϕt) ∧ i∂∂¯(ϕ˙t − ϕt) ∧ ω
n−1
t + 2−
∫
X
(ϕ˙t − ϕt)ω ∧ ω
n−1
t
+
n∑
k=0
bk
n+ 1
−
∫
X
ϕt ω
k ∧ ωn−kt + C1,ω
= −
∫
X
i∂(ϕ˙t − ϕt) ∧ ∂¯(ϕ˙t − ϕt) ∧ ω
n−1
t + 2−
∫
X
(ϕ˙t − ϕt)ω
n
t
− 2−
∫
X
(ϕ˙t − ϕt) i∂∂¯ϕt ∧ ω
n−1
t +
n∑
k=0
bk
n+ 1
−
∫
X
ϕt ω
k ∧ ωn−kt + C1,ω
= −
∫
X
i∂(ϕ˙t − ϕt) ∧ ∂¯(ϕ˙t − ϕt) ∧ ω
n−1
t + 2−
∫
X
(ϕ˙t − ϕt)ω
n
t
− 2−
∫
X
i∂ϕt ∧ ∂¯ϕt ∧ ω
n−1
t + 2−
∫
X
i∂ϕt ∧ ∂¯ϕ˙t ∧ ω
n−1
t
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+
n∑
k=0
bk
n+ 1
−
∫
X
ϕt ω
k ∧ ωn−kt + C1,ω.
Expanding the integral
−
∫
X
i∂(ϕ˙t − ϕt) ∧ ∂¯(ϕ˙t − ϕt) ∧ ω
n−1
t = −
∫
X
i∂ϕt ∧ ∂¯ϕt ∧ ω
n−1
t
−2−
∫
X
i∂ϕt ∧ ∂¯ϕ˙t ∧ ω
n−1
t +−
∫
X
i∂ϕ˙t ∧ ∂¯ϕ˙t ∧ ω
n−1
t ,
we nd
E1,ω(ϕt) = 2−
∫
X
(ϕ˙t − ϕt)ω
n
t +−
∫
X
i∂ϕ˙t ∧ ∂¯ϕ˙t ∧ ω
n−1
t
− −
∫
X
i∂ϕt ∧ ∂¯ϕt ∧ ω
n−1
t +
n∑
k=0
bk
n+ 1
−
∫
X
ϕt ω
k ∧ ωn−kt + C1,ω.
Then the trivial identity
n− 1
n+ 1

−
∫
X
ϕt ω
n
t +−
∫
X
ϕt ω ∧ ω
n−1
t

−−
∫
X
i∂ϕt ∧ ∂¯ϕt ∧ ω
n−1
t =
=
1
n+ 1

2n−
∫
X
ϕt ω
n
t − 2−
∫
X
ϕt ω ∧ ω
n−1
t

,
implies the remarkable inequality
E1,ω(ϕt) = 2νω(ϕt) +−
∫
X
i∂ϕ˙t ∧ ∂¯ϕ˙t ∧ ω
n−1
t + Cω ≥ 2νω(ϕt) + Cω ,
where Cω is a onstant depending only on ω. 
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